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Abstract 

This paper reports the robustness of the Prentice-
Williams-Peterson-gap time (PWP-GT) model, for 
right-censored failure data. The results are beneficial 
to practitioners in anticipating the more favorable 
application domains for using the PWP-GT model. 
At sample size of 60, PWP-GT proves to perform 
well when 80% of the units have some censoring. 
Keywords: repairable systems reliability, right-
censoring, proportional intensity models, Prentice-
Williams-Peterson 

1. Introduction 
Cox proposed the distribution-free (semi-

parametric) proportional hazards (PH) model in 1972 
[1] to account for covariate effects for single event 
failures (lifetime data) in a non-repairable system. 
Prentice, Williams, and Peterson (PWP) [2] extended 
the single-event PH model to deal with recurring 
events, and proposed a semi-parametric proportional 
intensity (PI) approach to model recurrent failure 
event data from a repairable system. Failure time data 
on a repairable system are realizations of a stochastic 
point process, in which the instantaneous rate of 
occurrence of failures (ROCOF) is ).(tλ  The PWP-
GT model has been applied in the biostatistics field, 
such as recurrent infections of a patient. Compared to 
the extensive literature on applications of the PI 
model in the biostatistics field, there have been few 
reported engineering applications. Abundant federal 
funding received in biostatistics/medical research has 
advanced the PI model to become well developed and 
widely referenced. The PI model for medical 
applications could also apply to recurring 
failure/repair data in engineering problems. Landers 
and Soroudi [3], Qureshi et al. [4], Vithala [5], and 
Landers et al. [6] have investigated robustness of the 
PWP-GT model, where the underlying recurrent 
failure time data are from a Non-homogeneous 
Poisson Process (NHPP) with a power-law or a log-
linear intensity function. These references also report 
the engineering applications of the PWP-GT model 
cited in the literature. Operational test and evaluation 
data on the US Army’s M1A2 Abrams Main Battle 
Tank serves as an example of engineering 
applications. Qureshi et al. [4] found that the PWP-
GT model performs best for constant and moderately 
increasing rate of occurrence of failures (IROCOF) 

and decreasing rate of occurrence of failures 
(DROCOF) and for larger sample sizes from power-
law NHPPs. Vithala [5] considered the case of log-
linear increasing ROCOF, and concluded the PWP-
GT model performs best for moderately increasing 
ROCOF and for larger sample sizes. Both Qureshi et 
al. [4] and Vithala [5] have examined robustness of 
the PWP-GT model for complete (uncensored) data. 
However, the phenomenon of censoring data is 
generally present in field data. Wei et al. [7] had 
right-censoring data in a bladder cancer study, where 
the recurrence times of tumors for each patient were 
collected. Hu and Lawless [8] conducted a censoring 
experiment on automobile failure data to develop 
estimation procedures for measuring covariate effects.  

This research has extended their work to the 
important case of right-censorship. This paper reports 
the robustness of the PWP-GT model for right-
censored recurrent failure event data. The results are 
beneficial to practitioners in anticipating the more 
favorable engineering application domains in using 
the PWP-GT model. 

2. Literature 
Cox proposed a PH formulation to include 

explanatory variables (covariates) in survival models. 
PWP proposed an extension of the Cox model to 
stochastic processes and applied the approach to 
model recurring infections in aplastic anemia and 
leukemia patients having received bone-marrow 
transplants. This application involved several 
subjects and a small number of events (up to five) for 
each subject. The paper by PWP did not address the 
baseline intensity function but rather reported the 
relative risks for the test and control groups. In 
reliability and maintainability engineering 
applications, a number of authors have applied the 
semi-parametric PI (PH) model; for example, Ansell 
and Phillips [9], Ansell and Phillips [10], Landers 
and Soroudi [3], Qureshi et al. [4], Ansell and 
Phillips [11], and Landers et al. [6]. A collection of 
the PI model applications to different industries 
includes: semiconductor, electrical, and pipeline 
industries (Ansell and Phillips [11]), U.S. Army main 
battle tank (Landers et al. [6]), and water supply 
industry (Ansell et al. [12], [13]). Ascher [14] 
illustrated the use of the PWP model for analysis of 
reliability for marine gas turbine engines. Ascher and 
Feingold [15] suggested application of the PWP 
model in the field of reliability engineering. Dale [16] 
applied the PWP approach to simulated failure times 
data for a reliability growth program with design 
improvements implemented after each of the five 
stages, resulting in a DROCOF. Wightman and 
Bendell [17] and Bendell et al. [18] cited the PWP 
model and advised that engineering applications 
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should be exploratory in nature and performed by 
investigators well familiar with the problem domain. 

Qureshi et al. [4] performed a robustness study to 
determine how well the PWP-GT method performed 
when applied to complete data from a failure process 
that was actually parametric (NHPP with power-law 
intensity function). They concluded that for sample 
sizes of 60 (30 per class) or greater, the PWP-GT 
method is robust over the range of shape parameters 

0.30.1 ≤≤δ , but tends to underestimate  for a 
DROCOF (e.g., BIAS= -26% at 

β
5.0=δ ) and 

overestimate  for an IROCOF (e.g., BIAS= 19% at β
0.3=δ ).  

The AG and the WLW models are widely cited in 
the literature. Bowman [19] and Lin [20] surveyed 
and evaluated the PWP-GT, PWP-TT, AG, and 
WLW methods. Bowman identified the PWP-GT 
model as superior and then used it to analyze needle-
stick injury data in veterinary practice. Wei and 
Glidden [21] reviewed the Cox-based methods 
designed to model recurrent data, and summarized 
the strengths and weaknesses for each method. 
Lipschutz and Snapinn [22] suggested guidelines as 
follows in choosing the appropriate models: 
• Use total time, common baseline hazard 

(unrestricted risk set) when the general effect is of 
interest.  

• Use gap time, event-specific baseline hazards 
(restricted risk set) when the primary concern is 
how the treatment will affect the recurring events 
beyond the first occurrence. 

Kelly and Lim [23] employed the concepts of the 
risk interval and risk set and categorized the AG, 
PWP-GP, PWP-TT, WLW, LWA (Lee-Wei-Amato, 
a special case of WLW), and other methods. Risk 
interval determines whether a model is classified as 
(1) marginal in the total time, (2) conditional in the 
gap time, or (3) a counting process. The risk interval 
of any event in total time is not influenced by any 
previous events, but measures time from entry into 
the experiment (beginning of observation). However, 
the risk interval of the gap time begins from the end 
of last event (Kelly and Lim [23]). Counting 
processes use the total time scale and share the same 
elapsed time as does the gap time model. However, 
the risk interval starts from the previous event instead 
of the entry time.  

3. Models and methods 
Sections 3.1-3.2 review the semi-parametric Cox 

regression model for a single event and the PWP-GT 
model for recurrent events. Section 3.3 reviews the 
NHPP with power-law intensity function. Section 3.4 
describes the method used to assess the robustness of 
the semi-parametric PI model for the case of 

censored data from an underlying, but unknown, 
power-law NHPP. 

3.1. Cox regression model 
For the case of a time-to-failure random variable, 

Cox [4] proposed a PH regression model of the form: 
 , )(t)exp();( '

0 zβz hth =

where  is the baseline hazard function and the 
exponential link function consists of a covariate 
vector  and a regression coefficient vector β . Thus, 
the Cox model can be used to describe the semi-
parametric distribution of time-to-failure for non-
repairable items with covariates. Under proportional 
hazards, the ratio of the hazard functions of two units 
(

)(0 th

z

A  and ) with covariate vectors  and  is 
constant over time. The covariates have a 
multiplicative effect on the baseline hazard function. 
When the baseline hazard function is fully specified 
(e.g.,Weibull) the analytical procedure is termed a 
parametric method. Alternatively,  can be left 
arbitrary, in which case the procedure is termed semi-
parametric. 

B Az Bz

)(0 th

3.2. Semi-parametric PWP-GT model 
The PWP-GT model is a generalization of the 

semi-parametric Cox proportional hazard function to 
a proportional intensity function );( ztλ  for the case of 
repeated failure events. Under proportional intensities, 
the ratio of the intensity functions of two units ( A  
and ) with covariate vectors  and   is 
constant over time. The covariate link function has a 
multiplicative effect on the baseline intensity 
function. When the baseline intensity function is fully 
specified (e.g., power-law or log-linear) the analytical 
procedure is termed a parametric method. 
Alternatively, 

B Az Bz

)(0 tλ  can be left arbitrary, in which 
case the procedure is termed semi-parametric. 
The semi-parametric regression model specified by 
PWP was the following: 

)](exp[)()}(),(|{: n10 tttttNtGTPWP nn zβZ ′−=− −λλ

In the PWP-GT model, the time metric is the 
interval between times of failure t  and t , defined 
as gap time. The PWP-GT model stratifies a failure 
data set based on the failure event count. When a unit 
is placed into operation it has experienced no failures 
and so resides in stratum 1 ( n ), and when the first 
failure occurs the unit moves to the second stratum 
(

1−n n

1=

2=n ). In general, the unit moves to stratum  
immediately following the (  failure and 
remains there until the n   failure. 

n
−

th

stn )1
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3.3. Power-law intensity function 
For a power-law NHPP, the baseline intensity 

function is 
,)( 1

00
−×= δδυλ tt  

 

where δ  is the shape parameter and υ  is the scale 
parameter of the power-law form.  If we define 

( )000 exp z×= βυ  and , then the power-law PI 
model becomes 

10 =z

 

{ } ,0,)(exp)()( 0 ≥×′= tttt kikkki zβλλ  

 

where ( )tk0λ  is the baseline intensity function and 
the exponential link function consists of a covariate 
vector  and a regression coefficient vector . z β

The power-law NHPP can model the reliability of 
a repairable system with rapid deterioration, since the 
failure intensity is increasing at an exponential rate 
with time. The analogous case for maintainability is a 
rapid learning process. The intensity function )(tλ  is 
strictly decreasing for 1<δ , constant for 1=δ , and 
strictly increasing for 1>δ . Thus, we have a 
DROCOF for 1<δ , an HPP for 1=δ , and an 
IROCOF for 1>δ . 

3.4. Method 
Simulation data with right-censored patterns, 

where the underlying distribution follows a power-
law NHPP, was generated by a modified Blanks & 
Tordon [24] simulation algorithm. In order to 
simulate right-censored recurrent data, two groups of 
sample units were generated, in which one group 
contains the sample units with complete data and the 
other group contains the sample units with right-
censored data. In the group of censored units, the 
right-censored pattern is set to be random. The ratio 
(probability) of the sample units that have censored 
times to total sample units is defined as censored 
probability ( ). cP

A discrete indicator covariate  was used to 
separate the data into two strata for an arbitrary 
treatment effect. For consistency with the work of 
Qureshi et al. [4], simulated data was generated from 
a power-law NHPP with like parameter values. A 
proportional intensity function dataset was created 
using two different values for the scale parameter 
(

1z

01.0,001.0 10 == υυ ) corresponding to the two 
values of the indicator covariate 1z )1,0( 11 == zz . 
There are three experimental factors: number of 
sample units (U ), shape parameter (δ ), and 
censoring probability ( ). The levels for each factor 
were selected as follows: (1) U  = 60, 120, and 180; 
(2) 

cP

δ =0.5, 0.8, 1.0, 1.2, 1.5, 1.8, and 2.0; and (3) 

= 0.0, 0.4, 0.6, 0.8, and 1.0. The selection of the U , cP
,δ  and  levels was consistent with the parameter 

settings in previous relevant work (Proschan [25], 
Landers and Soroudi [3], Qureshi et al. [4], and 
Landers et al. [6]).  

cP

To implement the proportional intensity regression 
method (i.e., PWP-GT), the SASTM Users Group 
(SUGI) software code PHREG [26] was implemented, 
which performs the semi-parametric Cox regression 
method to estimate the vector of regression 
coefficients β  and the covariance matrix. To measure 
the model performance, three robustness metrics 
were compiled for the estimates : iβ̂

•  relative signed error (BIAS), 
•  relative mean absolute deviation (MAD), and 
•  relative mean squared error (MSE). 

Additionally, 95% confidence intervals were 
constructed on the estimates . iβ̂

4. Results 
This section examines the PWP-GT model 

robustness in estimating the covariate effect .  Fig. 
1 presents two 3-D error charts (MSE and BIAS) that 
summarizes the PWP-GT model results in the case of 

iβ̂

=δ 0.5. As the censoring probability increases, the 
error is on the increase, and as the sample size 
increases, the error is on the decrease. Table 1 
summarizes the robustness across strata defined by 
ordered failures for sample size of 120.  
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Fig. 1 PWP-GT model results for estimating β  (10 
failures/unit), 

ˆ

5.0=δ , U  120=
i
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Table 1. Summary of PWP-GT model results for 
estimating  iβ̂

δ  cP  U  BIAS MAD MSE 
0.5 0.4 120 0.00465 0.33390 0.36198 
0.5 0.6 120 -0.00555 0.33308 0.34196 
0.5 0.8 120 -0.01706 0.31954 0.30120 
0.5 1.0 120 0.40857 0.69729 1.09745 
0.8 0.4 120 -0.04467 0.09571 0.01563 
0.8 0.6 120 -0.05590 0.09200 0.01477 
0.8 0.8 120 0.08223 0.22646 0.21895 
0.8 1.0 120 0.21174 0.34510 0.62236 
1.0 0.4 120 0.00232 0.05852 0.00590 
1.0 0.6 120 -0.00506 0.04979 0.00455 
1.0 0.8 120 0.02708 0.07464 0.00923 
1.0 1.0 120 0.34912 0.38596 1.09905 
1.2 0.4 120 0.04091 0.07307 0.00864 
1.2 0.6 120 0.02710 0.06802 0.00811 
1.2 0.8 120 0.04122 0.07453 0.00894 
1.2 1.0 120 0.45836 0.48052 1.68430 
1.5 0.4 120 0.09289 0.11596 0.02970 
1.5 0.6 120 0.08247 0.11322 0.02931 
1.5 0.8 120 0.08892 0.11935 0.03006 
1.5 1.0 120 0.36274 0.40576 0.75671 
1.8 0.4 120 0.13317 0.16240 0.07150 
1.8 0.6 120 0.12388 0.15561 0.07106 
1.8 0.8 120 0.12368 0.15971 0.07195 
1.8 1.0 120 0.16373 0.18841 0.08326 
2.0 0.4 120 0.15956 0.16452 0.10789 
2.0 0.6 120 0.14829 0.18587 0.10932 
2.0 0.8 120 0.14281 0.18920 0.11142 
2.0 1.0 120 0.18721 0.22697 0.12494 

 
The case of 60 with results for censoring 

probability  from 0.4 to 1.0 are discussed as 
follows. For the range of the shape parameter 

=U

cP

0.28.0 ≤≤δ , with censoring probability 4.0=cP , 
the PWP-GT estimates have relative MSE in the 
range of (1.1%, 17.5%), relative BIAS in the range of 
(-0.6%, 18.0%), and relative MAD in the range of 
(8.6%, 27.0%). However, when  is increased to 1.0, 
the PWP-GT estimates deteriorate substantially, with 
relative MSE in the range of (9.5%, 247.9%), relative 
BIAS in the range of (-22.1%, 65.6%), and relative 
MAD in the range of (24.1%, 79.8%).  

cP

 As for the case of 120 (see Table 1), for the 
range of shape parameter 

=U
0.28.0 ≤≤ δ  with 4.0=cP , 

the PWP-GT estimates have relative MSE in the 
range of (0.6%, 10.8%), relative BIAS in the range of 
(-4.5%, 16.0%), and relative MAD in the range of 
(5.9%, 16.5%). As the value of  is increased to 0.6, 
the PWP-GT estimates have relative MSE in the 
range of (0.5%, 10.9%), relative BIAS in the range of 
(-5.6%, 14.8%), and relative MAD in the range of 

(5.0%, 18.6%). Likewise, when  is increased to 0.8, 
the PWP-GT estimates have relative MSE in the 
range of (0.9%, 21.9%), relative BIAS in the range of 
(2.7%, 14.3%), and relative MAD in the range of 
(7.5%, 22.6%). However, when  is increased to 1.0, 
the PWP-GT estimates deteriorate substantially, with 
relative MSE in the range of (8.3%, 168.4%), relative 
BIAS in the range of (16.4%, 45.8%), and relative 
MAD in the range of (18.8%, 48.1%). Among all 
shape parameters 

cP

cP

cP

0.25.0 ≤≤ δ , the more favorable 
applications range of the PWP-GT estimates is 

0.28.0 ≤≤ δ  throughout , with 
relative MSE in the range of (0.5%, 21.9%), relative 
BIAS in the range of (-5.6%, 18.7%), and relative 
MAD in the range of (5.0%, 22.6%). At sample size 

8.04.0 ≤≤ cP

120=U , three charts (Fig. 2) of 5.1=δ , 0.1=δ , and 
5.0=δ  all indicate that the error is on the rise as the 

censoring probability increases. The case of complete 
(uncensored) data is included for reference and to 
verify that the methodology replicated previous 
results of Qureshi. Among the five censoring 
probability levels ranging from , 10 ≤≤ cP 0.1=cP  
presents much higher error values. 
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Fig. 2. Error plots (PWP-GT) in three shape 
parameters ( ,0.1,5.1 == δδ and 5.0=δ ) at 120=U  
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In the case of , the heaviest censoring 
probability ( 1.0) is less damaging, compared to 

 and , except for the rapidly 
decreasing ROCOF, 

180=U
=cP

60=U 120=U
=δ 0.5, where the PWP-GT 

estimates in =δ 0.5 are on the rise in the range of 
. For shape parameter in the range of 0.18.0 ≤≤ cP

0.28.0 ≤≤ δ  and censoring probability in the range 
of , the PWP-GT estimates have 
relative MSE in the range of (0.2%, 12.8%), relative 
BIAS in the range of (-7.0%, 17.8%), and relative 
MAD in the range of (3.3%, 21.8%).  

0.14.0 ≤≤ cP

To assess right-censoring effects upon the PWP-
GT model, 95% confidence bounds were constructed 
on  for the HPP, where  is set to 1.0 (heavily 
censored). Three sample sizes,  (Fig. 3(a)), 

 (Fig. 3(b)), and  (Fig. 3(c)) at 
 are examined. In the case of  (Fig. 

3(a)), the  and  failures illustrate the heavy 
right-censoring effect, and in the case of 

iβ̂ cP
60=U

120=U 180=U
0.1=cP 60=U

th7 th10
120=U  

(Fig. 3(b)), only the 95% C.I. for 10th failure shows 
heavy censoring effect. The 95% upper bound for the 

 failure in Fig. 3(b) is 3.63. The high variability of 
the PWP-GT estimate at   or  failure in Fig. 
3(a) indicates a random pattern. When the sample 
size is increased to  (Fig. 3(c)), the PWP-GT 
model estimates of  at each failure event count are 
sufficient to provide tight bounds on estimates of . 
PWP-GT estimates tend to fluctuate more and the 
95% C.I. limits tend to become wider as the event 
count progresses.  

th7
th7 th10
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 0  
Fig. 3 (a)-(c). 95% C.I. on PWP-GT estimates at each 
failure count for three sample sizes 60,120, and 180, 
( ) ( )0.1,0.1, =cPδ  

5. Conclusions 
Previous studies (by Landers and Soroudi [3] 

and Qureshi et al. [4]) conducted on the PWP-GT 
model for the case of an underlying NHPP with 
power-law intensity function indicated good 
performance. This research has performed a right-
censorship robustness study for the PWP-GT model 
with covariates. Compared to previous work of other 
researchers, this research examined both complete 
data and right-censoring data. Section 4 has included 
the case of Qureshi’s work (complete data) and 
produced consistent results. 

The PWP-GT proves to perform well, evaluated 
in terms of the BIAS, MAD, and MSE of covariate 
regression coefficients over ranges of sample sizes, 
shape parameters, and censoring severity encountered 
in engineering applications. The more appropriate 
engineering application ranges may be inferred from 
the results. At the smaller sample size ( 60=U ), the 
PWP-GT proves to perform well for moderate right-
censoring ( 8.00.0 ≤≤ cP ) and constant, moderately 
decreasing/increasing ROCOF (power-law NHPP 
shape parameter in the range of 8.18.0 ≤≤ δ ). In the 
case of 120=U , the PWP-GT model proves to 
perform well for moderate right-censoring 
( 8.00.0 ≤≤ cP ) and power-law NHPP shape 
parameter in the range of 0.28.0 ≤≤ δ . For the 
large sample size ( 180=U ), the PWP-GT model  

 

(a) U = 60
4 6 8 10

Event  count

Average

95%LB

95%UB
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performs well for heavy right-censoring 
( 0.10.0 ≤≤ cP ) and power-law NHPP shape 
parameter in the range of 0.28.0 ≤≤ δ .  
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